We consider the following problem as a generalization of that solved by Turhn's theorem. Let t and n be positive integers with n/> t/> 2. Determine the maximum number of edges of a graph of order n that contains neither Kt nor Kt,,-t as a subgraph. For n = 2t, it is solved by Brualdi and Mellendorf (1994) . We solve it for n =2t + 1. (~)
196
Y. Rho / Discrete Mathematics 187 (1998) [195] [196] [197] [198] [199] [200] [201] [202] [203] [204] [205] [206] [207] [208] [209] Let G and H be graphs, then their sum is the graph G + H obtained by taking disjoint copies of G and H and putting an edge between each vertex of G and each vertex of H. The union of G and H is the graph denoted G tA H consisting of disjoint copies of G and H. The complete t-partite graph with parts of size nl ..... nt is denoted by Kn,,...,n,.
Let m, k be positive integers. Then let mG be the graph consisting of m disjoint copies of G. A path of order m is denoted by Pro. A tree of order m is denoted by Tin. A cycle of order m is denoted by C,n. The complement of a graph G is denoted by G. A graph with k more edges added to G is denoted by G k*. For simplicity, G 1. is denoted by G*. A connected graph is unicyclic provided it has a unique cycle. It follows easily that a connected graph of order m is unicyclic if and only if it has exactly m edges. A graph is independent provided no two of its vertices are joined by an edge. The maximum cardinality of an independent set of G is denoted ia. A connected graph is duocyclic provided it has exactly two independent cycles. Note that a connected graph of order m is duocyclic if and only if it has exactly m + 1 edges. A connected graph is tricyclic provided it has exactly three independent cycles. A connected graph of order m is tricyclic if and only if it has exactly m + 2 edges.
The following two theorems solve the problem for n = 2t. (1) The equivalent complementary form of Theorem 1 (see [2] ) is stated in the next theorem. We settle the case n = 2t + 1 in the next two theorems. 
Theorem 1. Let t be a positive integer with t >i 3. Then the maximum number of edges of a graph of order 2t that contains neither Kt nor Kt, n-t as a subgraph equals and equals
(2;) 3t -~ -1 if t is even.(2)
If t is odd, then the only graphs of order 2t that contain neither Kt nor Kt, n-t as a suboraph and whose number of edges equals

Some iemmas
If G is a graph, then [G[ is the order of G. If G has only one tree component without its order specified, then we denote it by T. If G has more than one tree component, By considering all the components similarly, we get only those in the statements.
( 
Proof. (ii) As "
' + zc~>t6 2 and only tranformation (i) in Lemma 6 can increase the maximum size of an independent set by at most 1, we need to apply transformation (i) in Lemma 6 at least twice. Let i= t,2. If we apply transformation (i) in Lemma 6 to KI U Bi for a nontree components Bi of G and get B~, then iB; >/iB + 1 and hence each B~ is one of those components in Lemma 8(i). If we apply transformation (i) in Lemma 6 at least twice to 2K1UB for a nontree component B of G and get B', then B ~ is one of those components in Lemma 8(ii). In any case, as we can apply transformations in Lemma 6 no more, new components are those of G'.
(iii) As i'~>~iG + 3, we need to apply transformation (i) in Lemma 6 at least three times. As no component of G' is tricyclic, we cannot apply transformation (i) in Lemma 6 at least twice to 2K1 U B. Hence, the conclusion follows. We shall use Lemma 10 in the following form. From each tree we can choose the part which does not contain a vertex adjacent to the cycle. Now assume x is in a tree. Then we can choose the part of the tree which does not contain x. And from each of the other trees, we can choose the part which does not contain the vertex adjacent to the cycle. Also we can choose an independent set of the cycle which does not include the vertex adjacent to the tree containing x. In each case the union of all those sets is an independent set of Ha of order (a -1 )/2 which does not contain x. The union with an independent set of B of order iB gives an independent set of Ha ~ B. Therefore ill, ~B =/Ha U ~" (ii) It follows easily from (i). []
Proof of Theorem 4 for t odd
Let G be a graph of order 2t + 1 with at most (3t + 5)/2 edges. Suppose G does not contain an independent set of size t or Kt.n-t. By adding edge(s) to G, we get a graph G* having (3t + 7)/2 edges with the same property. Assume G* is one we remove an edge of A. If the resulting graph is connected, then it is Hi* 2 or t+2, again G contains an independent set of size t. If it is disconnected, then G* becomes a graph which contains Kt, n-t and so does G. If we remove an edge of T6 or K3, then G contains an independent set of size t. Therefore, to complete the proof of the theorem it suffices to show that the only graphs which do not contain an independent set of size t or Kt.n-t are ((t-1)/2)/£2 UA for t~>5, and 3K3 U T6 as given in the statement of the theorem.
Let us assume that G is a graph of order 2t + 1 with (3t + 7)/2 edges which does not contain an independent set of size t or Kt, n-t. 
#~eG + I #~G + #~OG <~2.
As G is of odd order, the above inequality is the same with
#~G + #~Oa --1 #~ea + ~ 2, 2
which turns out to be #:,~c <. -#o~oa-2#~ea + 5. In any subcase, by an argument similar to Subcase l(aa), G' contains Kt.,-t and so does G. A contradiction follows. In any subcase, by arguing similarly as in the subcases of Case 2(b) we get a contradiction.
Case 3(c): Suppose there are (t-1)/2 tree components of even order. Then two non-tree components of G' are duocyclic and all the other non-tree components of G' are unicyclic, or one non-tree component of G' is tricyclic and all the other non-tree components of G' are unicyclic. By Lemma 9, G' has two components from among In all the subcases, we get contradictions by arguments similar to those in the subcases of Case 3(a). Case 4(b): Suppose there are (t-3)/2 tree components of even order. Then one non-tree component of G' is duocyclic and all the other non-tree components of G r are unicyclic. By Lemma 9, three components of G' are among from Foa (a>~7), Fo* (a~>7), or Fe* (a>~8). Now #-,q'G' + #~6' -1 #~G, + ~<1.
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By an argument similar to those in the subcases of Case 3(b), a contradiction follows.
Case 4(c): Suppose there are (t-1)/2 tree components of even order. Then #LPt, + #~t, -1 #~et, + =0.
Considering it,, we see that there is no possibility. Case 5: Suppose G has no tree component of odd order except for four Kl's. By applying transformations in Lemma 6 repeatedly, we get G ~ which has no tree component of odd order with it, ~<t + 3. We may assume that it, =t + 3, iro =a/2 for all tree components Ta 
Proof of Theorem 4 for t even
Let G be a graph of order 2t + 1 with at most 3t/2 + 3 edges. Suppose G does not contain an independent set of size t or Kt, n-t. By adding edge(s) to G, we get a graph G* having 3t/2 + 4 edges with the same property. First assume G* is/(?3 U 2/-/5, /(2 U 3//5, or 2/(3 U T4 U H7. Removing an edge gives an independent set of size t and hence io ~>t. Second assume G* is (t/2 -2)K2 UK3 UF* 2 for t~>4. If we remove an edge of/(2 or K3, then i6 t> t. Let us remove an edge of F* 2. If the resulting graph is connected, then it is Ft+2 and hence iG t> t. If it is disconnected, then it contains Kt, n-t and so does G. Now, assume G* is (t/2-1)K2UQ for t~>4 (where Q is given in the statement of Theorem 3). Suppose we remove an edge of Q. If the resulting graph is connected, then it is H* 3 or F~3 and hence, i6 I> t. If it is disconnected, then G contains Kt, n-t. Finally, assume G* is K1 U (t/2 -1)K2 U Ft3*2 for t t> 6. Let us remove an edge of F3~2 . If the resulting graph is connected, then it is Ft2~2 and hence ic 1> t. If it is disconnected, then G contains gt, n_ t. Therefore to complete the proof of the theorem it suffices to show that the only graphs which do not contain an independent set of size t or gt, n_ t are those given in the statement of the theorem.
Let us assume that G is a graph of order 2t + I with 3t/2 + 4 edges which does not contain an independent set of size t or Kt, n-t.
Case 1: Suppose no component of G is a tree of odd order. By an argument similar to that in the case for t odd, G has at most t/2-1 components of even order.
There are either t/2-3, t/2-2, or t/2-1 tree components of even order. By arguing similarly as in the cases for t odd, we get G =/(3 U 2/-/5, K2 U 3/-/5, or 2K3 U T4 U HT,
G=(t/2-2)K2
UK3 UFe*+2 with iFe*÷2 =t/2 for t~>4, or (t/2-1)K2 uQ where Q_/_/2. --t+3 or Ft2~3 with iQ = t/2 for t/> 4.
Case 2: Suppose G has no tree component of odd order except for one K1. By arguing similarly as in the cases for t odd, we get K1 U (t/2 -1)K2 U Fet3+*2 with i~3. =t/2-1 for t>~6.
Pet+ 2
Case 3: Suppose G has at least two Kl'S or G has a tree component of odd order at least 3. By arguing similarly as in the cases for t odd, we get contradictions.
By the above three cases, G is (t/2-2)K2 UK3 UFe*+2 where iFe*+ 2 =t/2 for t~>4, (t/2 -1 )/(2 U Q where O = Ht2*3 or Ft2*3 with io : t/2 for t t> 4, KI U (t/2 -1 )K2 U Fe~* 2 with iyo3. =t/2-1 for t>_-6, K3U2Hs, K2U3Hs, or T4U2K3UH7. Considering ~t+2
